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Abstract
We define a relative Yamabe invariant of a smooth manifold with given confor-
mal class on its boundary. In the case of empty boundary the invariant coincides
with the classic Yamabe invariant. We develop approximation technique which
leads to gluing theorems of two manifolds along their boundaries for the relative
Yamabe invariant. We show that there are many examples of manifolds with both
positive and non-positive relative Yamabe invariants.
1 Introduction
1.1. General setting. Let W be a compact smooth manifold with boundary, ∂W =
M 6= ∅, and n = dimW ≥ 3. Let Riem(W ) be the space of all Riemannian metrics on
W . For a metric g¯ ∈ Riem(W ) we denote Hg¯ the mean curvature along the boundary
∂W = M , and g = g¯|M . We also denote [g¯] and [g] the corresponding conformal
classes, and C(M) and C(W ) the space of conformal classes on M and W respectively.
Let C¯ and C be conformal classes of metrics on W and M respectively. We say that
C is the boundary of C¯ or C¯ is a coboundary of C if C¯|M = C. We use notation
∂C¯ = C in this case. Let C(W,M) be the space of pairs (C¯, C), such that ∂C¯ = C.
Denote C¯0 =
{
g¯ ∈ C¯ | Hg¯ = 0
}
. We call C¯0 ⊂ C¯ the normalized conformal class. Let
C0(W,M) be the space of pairs (C¯0, C), so that C¯0 ⊂ C¯, and (C¯, C) ∈ C(W,M). It
is easy to observe (see [5, formula (1.4)]) that for any conformal class C¯ ∈ C(W ) the
subclass C¯0 is not empty. Thus there is a natural bijection between the spaces C0(W,M)
and C(W,M). Let g¯ ∈ C¯0 be a metric. Then C¯0 may be described as follows:
C¯0 =
{
u
4
n−2 g¯ | u ∈ C∞+ (W ) such that ∂νu = 0 along M
}
.
Here ν is a normal unit (inward) vector field along the boundary, and C∞+ (W ) is the
space of positive smooth functions on W .
∗ Partialy supported by the Grants-in-Aid for Scientific Research, The Ministry of Education,
Science, Sports and Culture, Japan, No. 09640102
email: smkacta@ipc.shizuoka.ac.jp
† Partially supported by SFB 478, Mu¨nster
e-mail: botvinn@math.uoregon.edu
1
1.2. The Einstein-Hilbert functional. Let C ∈ C(M) be given. We define the
following subspaces of metrics:
RiemC(W,M) = {g¯ ∈ Riem(W ) | ∂[g¯] = C} ,
Riem0C(W,M) = {g¯ ∈ RiemC(W ) | Hg¯ = 0} .
We consider the normalized Einstein-Hilbert functional I : Riem0C(W,M)→ R given by
I(g¯) =
∫
W
Rg¯dσg¯
Volg¯(W )
n−2
n
,
where Rg¯ and is the scalar curvature, and dσg¯ is the volume element. As in the case of
closed manifolds, we have the following result.
Theorem 1.1. Critical points of the functional I on the space Riem0C(W,M) coincide
with the set of Einstein metrics g¯ on W with ∂[g¯] = C, and Hg¯ = 0.
We postpone the proof of Theorem 1.1 to Section 3.
1.3. Relative Yamabe invariants. Similarly to the case of closed manifolds, the
functional I is not bounded. Precisely, it is easy to prove that for any manifold W ,
∂W = M , dimW ≥ 3, and any conformal class C ∈ C(M)
inf g¯∈Riem0
C
(W,M)I(g¯) = −∞, and supg¯∈Riem0
C
(W,M)I(g¯) =∞.
Let (C¯, C) ∈ C(W,M). We define the relative Yamabe constant of (C¯, C) as
YC¯(W,M ;C) = inf
g¯∈C¯0
I(g¯).
Remark. We notice that the Yamabe constant YC¯(W,M ;C) coincides with the constant
Q(W ) (up to a universal positive factor depending only on the dimension of W ) defined
by J. Escobar [5] for each pair of conformal classes (C¯, C) ∈ C(W,M).
Clearly the Yamabe constant YC¯(W,M ;C) must be related to the Yamabe problem on
a manifold with boundary, which was solved by P. Cherrier [4] and J. Escobar [5] under
some restrictions. Indeed, P. Cherrier proved the existence of a minimizer for the Yamabe
functional I|C¯0 provided
YC¯(W,M ;C) < Y[g¯0](S
n
+, S
n−1; [g0]). (1)
Here Sn+ is a round hemisphere with standard metric g¯0, and S
n−1 ⊂ Sn+ the equator
with g0 = g¯0|Sn−1. More generally, J. Escobar [5] solved the Yamabe problem under
restrictions we list below. We emphasize that the Escobar’s result includes the case
when the inequality (1) is satisfied. Here is the list of restrictions given in [5]:
(a) n ≥ 6
(b) M = ∂W is umbilic in W
(c) the Weyl tensor WC = 0 on M
(d) the Weyl tensor WC¯ 6≡ 0 on W.
(2)
2
Notice that the conditions (2) are conformally invariant. We denote
CEsc(W,M) =
{
(C¯, C) ∈ C(W,M)
∣∣∣∣ at least one of the conditions(a)-(d) from (2) is not satisfied
}
Remark. It is easy to see that CEsc(W,M) ⊂ C(W,M) is open dense.
We state the Escobar’s result using the terms introduced above.
Theorem 1.2. (Escobar, [5, Theorem 6.1]) Let (W,M) be a compact manifold with
boundary, and (C¯, C) ∈ CEsc(W,M). Then there exists a metric gˇ ∈ C¯0 such that
YC¯(W,M ;C) = I(gˇ). Such metric gˇ is called a relative Yamabe metric.
Remark. A relative Yamabe metric gˇ ∈ C¯0, of course, has constant scalar curvature
Rgˇ = YC¯(W,M ;C) · Volgˇ(W )
− 2
n .
We define the relative Yamabe invariant with respect to a conformal class C ∈ C(M):
Y (W,M,C) = sup
C¯,∂C¯=C
YC¯(W,M ;C).
Then we would like to define the following relative Yamabe invariants:
Y (M ;C) = sup
W,∂W=M
Y (W,M ;C),
Y (W,M) = sup
C∈C(M)
Y (W,M ;C),
Y(M) = sup
W,∂W=M
Y (W ;M).
The invariants Y (W,M ;C), Y (M ;C) have clear geometric meaning in terms of positive
scalar curvature (abbreviated as psc). We call a conformal class C ∈ C(M) positive if
the Yamabe constant YC(M) > 0. Of course, it means that a Yamabe metric g ∈ C
has positive constant scalar curvature. The following statement follows from the above
definitions.
Claim 1.3.
(1) Let C ∈ C(M) be a positive conformal class. Then
• Y (W,M ;C) > 0 if and only if any psc-metric g ∈ C may be extended conformally
to a psc-metric g¯ on W with Hg¯ = 0.
• Y (M ;C) > 0 if and only if for any psc-metric g ∈ C there exists a manifold W , so
that g may be extended conformally to a psc-metric g¯ on W with Hg¯ = 0.
(2) The invariants Y (W,M), Y(M) are diffeomorphism invariants.
We present our main results on the relative Yamabe invariant in the next section.
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2 Overview of the results
2.1. Minimal boundary condition and approximation theorems. First, one can
notice that the minimal boundary condition Hg¯ = 0 is too weak for applications. For
instance, to apply a relative index theory, one needs much stronger condition that a
metric g¯ is a product metric near the boundary.
The closest differential-geometric approximation to the product metric near the boundary
is when a boundary is totally geodesic. In more detail, let g¯ ∈ Riem0C(W,M), g = g¯|M ,
and, as above Ag¯ =
(
A¯ij
)
be the second fundamental form of M = ∂W with respect to
g¯. The boundary M = ∂W is said to be totally geodesic if Ag¯ vanishes identically on
M . Clearly any metric from the normalized conformal class [g¯]0 is totally geodesic if g¯
is. We call the conformal class [g¯] of such metric g¯ umbilic. We denote CumC (W,M) ⊂
CC(W,M) :=
{
C¯ ∈ C(W ) | C¯|M = C
}
the subspace of umbilic conformal classes.
Our first aim is to prove a generalization (Proposition 4.5) of the approximation theorem
due to Kobayashi [10]. We show that any metric g¯ with totally geodesic boundary is
C1-close to a metric g˜ which is conformally equivalent to a product metric near the
boundary. Moreover, we show that the scalar curvature Rg¯ is C
0-close to Rg˜ of g˜.
Next, we prove the approximation Theorem 4.6 under the minimal boundary condition.
Theorem 4.6 gives us a fundamental tool on the relative Yamabe invariant. In particular,
we prove the following result.
Theorem 2.1. For any C¯ ∈ CC(W,M), and any ε > 0 there exists a conformal class
C˜ ∈ CumC (W,M), and a metric g˜ ∈ C˜
0, such that

C¯ and C˜ are C0-close conformal classes
|YC¯(W,M ;C)− YC˜(W,M ;C)| < ε
g˜ ∼ g + dr2 (conformally equivalent near M),
(3)
where C = ∂C˜ and g = g¯|M . More precisely,
g˜ =
(
1 + r
2
2
f(x)
) 4
n−2
(g + dr2) near M , where
f(x) = − n−2
4(n−1)
(Rg¯ − Rg + 3|Ag¯|
2
g) on M.
We define the “umbilic Yamabe invariant” Y um(W,M ;C) as
Y um(W,M ;C) = sup
C˜∈Cum
C
(W,M)
YC˜(W,M ;C).
Theorem 2.1 leads to the following conclusion.
Corollary 2.2. Y um(W,M ;C) = Y (W,M ;C).
2.2. Gluing Theorem. We analyze the gluing procedure for manifolds equipped with
conformal structures. Let W1, W2 be two compact manifolds, dimW1 = dimW2 ≥ 3,
with boundaries
∂W1 = M1 = M0 ⊔M, and ∂W2 =M2 =M0 ⊔M
′
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endowed with conformal classes C1 = C0 ⊔ C ∈ C(M1), C2 = C0 ⊔ C
′ ∈ C(M2), where
C0 ∈ C(M0), C ∈ C(M), C
′ ∈ C(M ′). Let W = W1 ∪M0 (−W2) be the boundary
connected sum of W1 and W2 along M0.
We study the case when the conformal class C0 ∈ C(M0) is positive, and the relative
Yamabe invariants Y (Wj,Mj ;Cj), j = 1, 2 are positive as well. We essentially use the
approximation Theorem 4.6 to prove the following result (Theorem 5.1):
Theorem 2.3. Let C0 ∈ C(M0) be a positive conformal class, and Y (Wj,Mj ;Cj) > 0
for j = 1, 2. Then Y (W, ∂W ;C ⊔ C ′) > 0.
In particular, this result allows us to construct many examples with positive relative
Yamabe invariants (Theorem 5.2).
2.3. Non-positive Yamabe invariant. Let W be a compact smooth n-manifold with
boundary ∂W = M 6= ∅, and M = M0 ⊔M1. (Here M1 may be empty.) Let (C¯, C =
C0 ⊔ C1) be a pair of conformal classes on (W,M), where C0 ∈ C(M0), C1 ∈ C(M1).
Let X = W ∪M0 (−W ) be the double of W along M0. Then, the boundary of X is
∂X = M1 ⊔ (−M1). We prove the following result (Theorem 6.2):
Theorem 2.4.
(1) If YC¯(W,M ;C) ≤ 0, then
2
2
nYC¯(W,M ;C) ≤ Y (X,M1 ⊔ (−M1);C1 ⊔ C1).
(2) If YC¯(W,M ;C) ≤ 0, then
2
2
nY (W,M ;C) ≤ Y (X,M1 ⊔ (−M1);C1 ⊔ C1).
(3) If Y (W,M) ≤ 0, then
2
2
nY (W,M) ≤ Y (X,M1 ⊔ (−M1)).
When the manifolds ∂W = M = M0, and M1 is empty, (in this case, the boundary of
X = W ∪M (−W ) is empty) the following holds (Corollary 6.3):
Corollary 2.5.
(1) If YC¯(W,M ;C) ≤ 0, then 2
2
nYC¯(W,M ;C) ≤ Y (X).
(2) If Y (W,M ;C) ≤ 0, then 2
2
nY (W,M ;C) ≤ Y (X).
(3) If Y (W,M) ≤ 0, then 2
2
nY (W,M) ≤ Y (X).
We use these results to show that there are many examples of manifolds with non-positive
Yamabe invariant. In particular, we have (Corollary 6.4):
Corollary 2.6. Let N be an enlargeable compact closed manifold. Then
2
2
nY (N \ int(Dn), Sn−1) ≤ Y (N#(−N)).
In particular, Y (N \ int(Dn), Sn−1) ≤ 0.
The rest of the paper is organized as follows. We prove Theorem 1.1 in Section 3. Then
we prove the approximation theorems in Section 4. We give a gluing construction in
Section 5. We analyze the Yamabe invariant for a double, and study the non-positive
Yamabe invariant in Section 6. In the last Section 7 we define and study the moduli
space of positive conformal classes and introduce conformal concordance and conformal
cobordism.
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3 Proof of Theorem 1.1
Let g¯ ∈ RiemC(W,M) be a metric, and {g¯(t)} be a variation of g¯ in the spaceRiemC(W,M),
i.e. g¯(0) = g¯. Thus we consider first a general variation, i.e. {g¯(t)} is not necessarily
in the subspace Riem0C(W,M) ⊂ RiemC(W,M). Now we need the following notations.
Let h = d
dt
∣∣
t=0
g¯(t) be a variational vector, and
g(t) = g¯(t)|M , where g(0) = g.
Remark. We observe that the condition g(t) ∈ C implies that hij = fgij on M , where
f ∈ C∞(M).
Let r = r(t) be the distance function to the boundaryM inW with respect to the metric
g¯(t). Let ν = ∂
∂r
be a unit normal (inward) vector field along the boundary ∂W = M .
Let p ∈ M , and {r, x1, . . . , xn−1} be a Fermi coordinate system near p. We use indices
α, β = 0, 1, . . . , n−1, where 0 correponds to the normal direction, and i, j, k = 1, . . . , n−1
are indices corresponding to the tangent directions (only on the boundary ∂W = M).
We denote (·)′ = d
dt
(·)
∣∣
t=0
, the variational derivative evaluated at t = 0. In order to
prove Theorem 1.1, it is enough to prove the following formula.
Claim 3.1. Let {g¯(t)} be a variation as above. Then(∫
W
Rg¯(t)dσg¯(t)
)′
= −
∫
W
〈Ricg¯ −
1
2
Rg¯g¯, h〉g¯dσg¯ −
∫
M
(
2H ′g¯ + fHg¯
)
dσg.
Proof. We denote ∇¯ and ∇ corresponding Levi-Civita connections with respect to the
metrics g¯ and g. Standard calculation gives:
(Rg¯(t))
′ = −∇¯α∇¯α(Trg¯h) + ∇¯
α∇¯βhαβ − 〈Ricg¯, h〉g¯,
(dσg¯(t))
′ = 〈1
2
Rg¯ g¯, h〉g¯dσg¯.
(4)
The formula (4) together with Gauss divergence formula gives(∫
W
Rg¯(t)dσg¯(t)
)′
= −
∫
W
〈Ricg¯ −
1
2
Rg¯g¯, h〉g¯dσg¯
+
∫
M
〈∇¯(Trg¯h), ν〉g¯dσg −
∫
M
n−1∑
α=0
(∇¯eαh)(eα, ν)dσg.
Here {eα} = {ν, e1, . . . , en−1} is a local orthonormal field. We denote
BI = 〈∇¯(Trg¯h), ν〉g¯, BII = −
n−1∑
α=0
(∇¯eαh)(eα, ν).
Let p ∈ M be an arbitrary point of the boundary. As before, let ν be a unit vector field
normal (inward) to the boundary, such that ∇¯νν = 0, and {ei} be an orthonormal frame
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near p in W such that ∇eiej = 0 at p and t = 0. We emphasize that, in general, ∇¯eiej
does not vanish at p. We have the second fundamental form of M :
Aij = A(ei, ej) = g¯(∇¯eiej , ν) = −g¯(∇eiν, ej).
Then we have H = gijAij the mean curvature of the boundary M . We have:
H = −
n−1∑
i=0
g¯(∇¯eiν, ei) =
n−1∑
α=0
g¯(∇¯eαν, eα) = −∇αν
α = −
(
∂αν
α + Γ¯ααβν
β
)
Here {xα} = {r, x1, . . . , xn−1} are a Fermi coordinate system near p in W , and ∂α =
∂
∂xα
(and ∂α = eα at p). We have:
H ′ = −
[
∂α(ν
′)α + Γ¯ααβ(ν
′)β + (Γ¯′)ααβν
β
]
= −
[
∇¯α(ν
′)α +
1
2
(
∇¯αh
α
β + ∇¯βh
α
α − ∇¯
αhαβ
)
νβ
]
= −∇¯α(ν
′)α −
1
2
∇¯β(Trg¯h)ν
β
= −∇¯α(ν
′)α −
1
2
〈∇¯(Trg¯h), ν〉g¯.
Thus we obtain
BI = 〈∇¯(Trg¯h), ν〉g¯ = −
(
2H ′ + 2∇¯α(ν
′)α
)
. (5)
Now we compute the term BII . We have
n−1∑
α=0
(∇¯eαh)(eα, ν) =
n−1∑
α=0
(
∇¯eαh(eα, ν)− h(∇¯eαeα, ν)− h(eα, ∇¯eαν)
)
= ∇¯νh(ν, ν) +
n−1∑
i=1
∇¯eih(ei, ν)− h00H + h
ikAik
since
n−1∑
α=0
∇¯eαν = ∇¯νν +
n−1∑
i=1
∇¯eiν, ∇¯νν = 0, and
∇¯eiν = −
n−1∑
k=1
Aikek,
n−1∑
α=0
∇¯eαeα = ∇¯νν +
n−1∑
i=1
∇¯eiei = Hν.
Notice that hik = fgik and ∇¯eih(ej , ν) = ∇eih(ej , ν). Thus we have
BII = −
n−1∑
α=0
(∇¯eαh)(eα, ν) = −∇¯νh(ν, ν)−
n−1∑
i=1
∇eih(ei, ν) + h00H − fH. (6)
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To continue, we notice that g¯(ν, ν) = 1 implies
0 = g¯′(ν, ν) + 2g¯(ν ′, ν) = h(ν, ν) + 2g¯(ν ′, ν).
Also we have
0 = ∇¯νh(ν, ν) + 2g¯(∇¯νν
′, ν) + 2g¯(ν ′, ∇¯νν) = ∇¯νh(ν, ν) + 2g¯(∇¯νν
′, ν)
since ∇¯νν = 0. Thus we have that
2g¯(∇¯νν
′, ν) = −∇¯νh(ν, ν). (7)
Then the identity g¯(ν, ei) = 0 implies
0 = g¯′(ν, ei) + g¯(ν
′, ei) + g¯(ν, e
′
i).
Notice that e′i ∈ TpM since g(t) ∈ C. Thus
0 = g¯′(ν, ei) + g¯(ν
′, ei).
Now it follows that
0 =
n−1∑
i=1
(
∇¯eih(ν, ei) + g¯(∇¯eiν
′, ei) + g¯(ν
′, ∇¯eiei)
)
.
Notice that
∑n−1
i=1 ∇¯eiei = Hν, and Hg¯(ν
′, ν) = −1
2
h(ν, ν). Thus we obtain
2
n−1∑
i=1
g¯(∇¯eiν
′, ei) = −2
n−1∑
i=1
∇eih(ν, ei) + h00H. (8)
We combine (7) and (8) to obtain
2∇¯α(ν
′)α = 2
n−1∑
α=0
g¯(∇¯eαν
′, eα) = 2
[
g¯(∇¯νν
′, ν) +
n−1∑
i=1
g¯(∇¯eiν
′, ei)
]
= −∇¯νh(ν, ν)− 2
n−1∑
i=1
∇eih(ν, ei) + h00H.
(9)
Now it follows from (5), (6) and (9) that
BI +BII = −2H
′ − 2∇¯α(ν
′)α − ∇¯νh(ν, ν)−
n−1∑
i=1
∇eih(ei, ν) + h00H − fH
= −2H ′ −
n−1∑
i=1
∇eih(ν, ei)− fH.
Denote θ(v) = h(ν, v) for v ∈ TxM , so θ is a 1-form on M . We notice that
∇ejθ(ei) = (∇eiθ)(ej) + θ(∇eiej) = (∇eiθ)(ej) since ∇eiej = 0 at p.
Thus we have that
BI +BII = −2H
′ − fH −∇iθ
i on M.
This proves Claim 3.1 and concludes the proof of Theorem 1.1.
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4 Approximation Theorems
4.1. Kobayashi approximation lemma. First we reformulate several known facts in
our terms. The following fact follows from a modification of the continuity property of
the Yamabe constant due to Be´rard Bergery.
Lemma 4.1. (cf. [1, Proposition 4.31]) Let g¯i, g¯ ∈ Riem
0
C(W,M) be Riemannian met-
rics, and C¯i = [g¯i], C¯ = [g¯]. Assume that{
g¯i → g¯ in the C
0-topology on W , and
Rg¯i → Rg¯ in the C
0-topology on W .
Then YC¯i(W,M,C)→ YC¯(W,M,C).
Now we recall the results due to O. Kobayashi [10].
Lemma 4.2. (O. Kobayashi, [10]) For any δ > 0 there exists a smooth nonnegative
function wδ, and there exists ε(δ) =
1
4
e−
1
δ such that
(i)
{
wδ(t) ≡ 1 on [0, ε(δ)],
wδ(t) ≡ 0 on [δ,∞),
(ii) |tw˙δ(t)| < δ for t ≥ 0,
(ii) |tw¨δ(t)| < δ for t ≥ 0.
(see Fig. 4.1.)
r
δε(δ)
1
y
y = ωδ(r)
Fig. 4.1
Lemma 4.3. (O. Kobayashi, [10]) Let g¯, g˜ ∈ Riem(W ), and h = g˜ − g¯. Then
Rg˜ −Rg¯ = Pg¯(h) +Qg¯(h), where

Pg¯(h) = −∆g¯(Trg¯h) + ∇¯
i∇¯jhij − 〈h,Ricg¯〉g¯,
|Qg¯(h)| ≤ C
(
|∇¯h|2q3 + |h| · |∇¯2h|q2 + (|h| · |∇¯2h|+ |Ricg¯| · |h|
2)q
)
,
where the constant C > 0 depends only on n = dimW , and q ∈ C∞+ (W ) is a function
satisfying q · g˜ ≥ g¯.
Proposition 4.4. LetW be a manifold with boundary ∂W = M , and let metrics g¯, g˜ ∈
RiemC(W,M) such that j
1
M g¯ = j
1
M g˜ (i.e. g¯ coincides with g˜ up to second derivatives on
M), and Rg¯ = Rg˜ on M . Then the family of metrics
g˜δ = g¯ + wδ(r)(g˜ − g¯) ∈ RiemC(W,M)
satisfies the following properties:
(i) g˜δ → g¯ in the C
1-topology on W (as δ → 0),
(ii) Rg˜δ → Rg¯ in the C
0-topology on W (as δ → 0),
(iii) g˜δ ≡ g˜ on the collar Uδ(M, g¯) = {x ∈ W | distg¯(x,M) < ε(δ)},
(iv) g˜δ ≡ g¯ on W \ Uε(δ)(M, g¯).
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Proof. The statements (iii), (iv) are obvious. We prove (i) and (ii).
(i) The function wδ is such that supp(wδ) ⊂ [0, δ]. Then it follows
g˜δ − g¯ = wδ(r)(g˜ − g¯) = O(r
2),
thus g˜δ → g¯ in the C
0-topology on W . Furthermore,
∂(g˜δ − g¯) = w˙δ(r)(g˜δ − g¯) + wδ(r)∂(g˜ − g¯).
By the condition on the metrics g˜δ, g¯,
g˜δ − g¯ = O(r
2), ∂(g˜δ − g¯) = O(r).
We use Lemma 4.2 to estimate
|∂g˜δ − ∂g¯| ≤ |w˙δ(r)r| ·
O(r2)
r
+ wδ(r) · O(r) ≤ δO(δ) +O(δ).
Thus ∂g˜δ → ∂g¯ in the C
0-topology, i.e. g˜δ → g¯ in the C
1-topology on W .
(ii) We use Lemma 4.3 to write

Rg˜δ − Rg¯ = Pg¯(wδ(r)(g˜δ − g¯)) +Qg¯(wδ(r)(g˜δ − g¯)),
wδ(r)(Rg˜δ − Rg¯) = wδ(r)Pg¯(g˜δ − g¯) + wδ(r)Qg¯(g˜δ − g¯).
We use again Lemma 4.3:
|Pg¯(wδ(r)(g˜δ − g¯))− wδ(r)Pg¯(g˜δ − g¯)|
≤ C (|w¨δ(r)| · |wδ(r)| · |g˜δ − g¯|+ |w˙δ(r)|
2 · |g˜δ − g¯|+ |w˙δ(r)| · |wδ(r)| · |∂(g˜δ − g¯)|)
≤ C
(
(|w¨δ(r)r
2|+ |w˙δ(r)r|
2) O(r
2)
r2
+ |w˙δ(r)r| ·
O(r)
r
)
≤ C1δ.
Similarly we obtain 

|Qg¯(wδ(r)(g˜δ − g¯))| ≤ C2δ,
|wδ(r)Qg¯(g˜δ − g¯))| ≤ C3δ.
Notice that
|wδ(r)(Rg˜δ −Rg¯)| ≤ C4δ
since Rg˜ ≡ Rg¯ on M . Thus we oblain:
|Rg˜δ − Rg¯| ≤ |Pg¯(wδ(r)(g˜δ − g¯))− wδ(r)Pg¯(g˜δ − g¯)|+
|Qg¯(wδ(r)(g˜δ − g¯))|+ |wδ(r)Qg¯(g˜δ − g¯))|+ |wδ(r)(Rg˜δ − Rg¯)|
≤ (C1 + C2 + C3 + C4)δ.
Here Cj (j = 1, . . . , 4) are positive constants independent of δ. Thus Rg˜δ → Rg¯ in the
C0-topology on W .
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Proposition 4.5. (Kobayashi Approximation Theorem, cf. [10, Lemma 3.2])
Let W be a manifold with boundary ∂W = M , C ∈ C(M). Let g¯ ∈ RiemC(W,M)
be a metric (respectively g¯ ∈ Riem0C(W,M)). Let g = g¯|M , and Ag¯ be the second
fundamental form of M = ∂W . There exists a family of metrics g˜δ ∈ RiemC(W,M)
(respectively g˜δ ∈ Riem
0
C(W,M)) such that
(i) g˜δ → g¯ in the C
1-topology on W (as δ → 0),
(ii) Rg˜δ → Rg¯ in the C
0-topology on W (as δ → 0),
(iii) g˜δ conformally equivalent to the metric (g − 2rAg¯) + dr
2 on Uε(δ)(M, g¯),
(iv) g˜δ ≡ g¯ on W \ Uδ(M, g¯).
Proof. First, we note that the exponential map exp : T⊥M −→ W sends (x, r · ν) ∈
T⊥M to expx(r · ν) = (x, r) ∈ W . On M we have
g¯00 = g¯(∂r, ∂r) = 1, g¯
′
00 = ∂rg¯(∂r, ∂r) = 2g¯(∇¯∂r∂r, ∂r) ≡ 0,
g¯0i = g¯(∂r, ∂i) = 0, g¯
′
0i = ∂rg¯(∂r, ∂i) = g¯(∇¯∂r∂r, ∂i) + g¯(∂r, ∇¯∂r∂i) = 0,
g¯ij = g¯(∂i, ∂j) = gij, g¯
′
ij = ∂rg¯(∂i, ∂j) = g¯(∇¯∂r∂i, ∂j) + g¯(∂i, ∇¯∂r∂j) = −2Aij .
Here we used that
∇¯∂r∂r = 0, ∇¯∂r∂i = −A
k
i ∂k, which implies
g¯(∂r, ∇¯∂r∂i) = g¯(∂r,−A
k
i ∂k) = 0, and
g¯(∇¯∂r∂i, ∂j) + g¯(∂i, ∇¯∂r∂j)
= g¯(∂i,−A
k
j∂k) + g¯(−A
k
i ∂k, ∂j) = −2Aij .
x
ν
Fig. 4.2.
We define new metrics gˆ and G near M and compare them with the metric g¯:
g¯(x, r) = (gij(x)− 2rAij(x) +O(r
2))dxidxj +O(r2)drdxi + dr2,
gˆ(x, r) := (gij(x)− 2rAij(x))dx
idxj + dr2,
G(x, r) := gij(x)dx
idxj + dr2.
Clearly j1M g¯ = j
1
M gˆ, and, in general, j
1
M g¯ 6= j
1
MG. We notice
Rg¯|M = RG + 2Ricg¯(ν, ν) + |Ag¯|
2
g −H
2
g¯ ,
= Rg + 2Ricg¯(ν, ν) + |Ag¯|
2
g −H
2
g¯ .
We define a metric
gˇ = (gˇij) := (gij(x)− 2rAij(x))
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on each hyperseface M × {r} ⊂W (for small r). Then we have
Rgˆ = Rgˇ +
3
4
|∂rgˇij|
2
gˇ − gˇ
ij · ∂2r gˇij −
1
4
|gˇij · ∂rgˇij|
2
= Rg + 3|Ag¯|
2
g −H
2
g¯ +O(r) near M , and
Rgˆ = Rg + 3|Ag¯|
2
g −H
2
g¯ on M .
We choose the conformal metric g˜(x, r) = u(x, r)
4
n−2 · gˆ such that j1M g¯ = j
1
M g˜ by giving
u the boundary conditions:
u(x, 0) ≡ 1, ∂ru(x, 0) ≡ 0 on M.
We have
−
4(n− 1)
n− 2
∆gˆu+Rgˆu = Rg˜u
n+2
n−2 , or
∆gˆu = −
n− 2
4(n− 1)
(
Rg˜u
n+2
n−2 − Rgˆu
)
.
We specify ∆gˆu on M :
∆gˆu = ∇
α∂αu = gˆ
αβ
(
∂α∂βu− Γˆ
γ
αβ∂γu
)
= ∂2ru+ g
ij∂i∂ju− Γˆ
0
00∂ru− Γˆ
i
00∂iu− g
ij
(
Γˆ0ij∂ru− Γˆ
k
ij∂ku
)
= ∂2ru
since ∂i∂ju = 0, ∂ru = 0, and ∂iu = 0 on M . Here we use the u(x, 0) ≡ 1, ∂ru(x, 0) ≡ 0
on M . Thus we obtain that on M
∂2ru = ∆gˆu = −
n− 2
4(n− 1)
(Rg˜ −Rgˆ)
= −
n− 2
4(n− 1)
(
Rg˜ − (Rg + 3|Ag¯|
2
g −H
2
g )
)
.
We let u(x, r) := 1 + 1
2
r2ϕ(x) near M , where
ϕ(x) = −
n− 2
4(n− 1)
(
Rg¯|M − (Rg + 3|Ag¯|
2
g −H
2
g )
)
= −
n− 2
4(n− 1)
(Rg¯|M −Rgˆ) .
(10)
Then the metric
g˜ = u
4
n−2 · gˆ =
(
1 +
1
2
r2ϕ(x)
) 4
n−2 [
(g − 2rA) + dr2
]
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is such that j1M g˜ = j
1
M g¯, and Rg˜ = Rg¯ on M . We use Proposition 4.4 to define a family
of metrics g˜δ:
g˜δ = g¯ + wδ(r) · (g˜ − g¯) ∈ RiemC(W,M).
We also notice that
C = [g¯|M ] = [gˆ|M ] = [g˜|M ] = [g˜δ|M ], and
Hg¯ = 0 =⇒ Hgˆ = 0 =⇒ Hg˜ = 0 =⇒ Hg˜δ = 0
since Ag¯ = Agˆ, ∂ru = 0 on M , and g˜ = g˜δ near M . Then g¯ ∈ Riem
0
C(W,M) implies that
g˜δ ∈ Riem
0
C(W,M).
4.2. The approximation trick under minimal boundary condition. One notices
that the above results do not allow to use a metric which is conformally equivalent
to a product metric near the boundary to approximate the relative Yamabe constant
YC¯(W,M ;C). This is the problem which we address and solve here.
Theorem 4.6. (Approximation Trick)
Let W be a manifold with boundary ∂W = M , C ∈ C(M). Let g¯ ∈ Riem0C(W,M) be a
metric. Let g = g¯|M , and Ag¯ be the second fundamental form of M = ∂W . There exists
a family of metrics g˜δ ∈ Riem
0
C(W,M) such that
(i) g˜δ → g¯ in the C
0-topology on W (as δ → 0),
(ii) Rg˜δ → Rg¯ in the C
0-topology on W (as δ → 0),
(iii) g˜δ conformally equivalent to the metric g + dr
2 on Uε(δ)(M, g¯),
(iv) g˜δ ≡ g¯ on W \ Uδ(M, g¯).
Remark. In order to control the scalar curvature without the minimal boundary condi-
tion, one needs the C1-convergence of metrics as in Proposition 4.5. Furthemore, when g¯
is not totally umbilic on M , the metric g¯ can never be approximated in the C1-topology
to a metric which conformally is a product metric near the boundary. However, we
emphasize that the convergence in (i) of Theorem 4.6 is the C0-convergence only. The
minimal boundary condition plays a crucial role to achieve the C0-convergence for scalar
curvatures in (ii).
Proof. There are two steps in the proof.
Step 1. First, Proposition 4.5 allows us to assume that the metric g¯ is such that
g¯ =
(
1 +
r2
2
ϕ(x)
)n−2
4 [
(g(x)− 2rAg¯(x)) + dr
2
]
on a collar Uδ0(M, g¯),
where {x, r} = {x1, . . . , xn−1, r} denotes a Fermi coordinate system near each point of
M , and ϕ(x) is the C∞-function on M defined by (10).
For each positive δ < δ0, let Gδ ∈ Riem
0
C(W,M) be a metric defined by
Gδ(x, r) = gˆ(x, r) + wδ(r) · (G(x, r)− gˆ(x, r))
= g(x)− 2r(1− wδ(r)) · Ag¯ + dr
2.
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Here gˆ(x, r) and G(x, r) are given by
gˆ(x, r) = (g(x)− 2rAg¯(x)) + dr
2,
G(x, r) = g(x) + dr2

 on Uδ(M, g¯).
We also let gˇδ(x, r) = g(x) − 2r(1 − wδ(r)) · Ag¯(x) on Uδ(M, g¯). It follows then from
Lemma 4.2 that near M the scalar curvature of the metric Gδ satisfies
RGδ = Rgˇ +
3
4
|∂r(gˇδ)ij|
2
gˇδ
− gˇijδ · ∂
2
r (gˇδ)ij −
1
4
|gˇijδ · ∂r(gˇδ)ij|
2
= Rg + 3(1− wδ(t))
2|Ag¯|
2
g − (1− wδ(t))
2H2g¯ − (4w˙δ(r) + 2r · w¨δ(r))Hg¯ +O(δ).
We use the minimal boundary condition Hg¯ = 0 to obtain
RGδ = Rg + 3(1− wδ(r))
2|Ag¯|
2
g +O(δ) near M .
Step 2. We define now the metric g˜δ ∈ Riem
0
C(W,M) as follows:
g˜δ(x, r) =
(
1 +
r2
2
ϕδ(x, r)
) 4
n−2
·Gδ(x, r) (11)
on Uδ(M, g¯), with
ϕδ(x, r) = ϕ(x)−
3(n− 2)
4(n− 1)
(2− wδ(r))wδ(r)|Ag¯|
2
g. (12)
We obtain that the assertions (iii) and (iv) hold since Gδ = g + dr
2 on the collar
Uε(δ)(M, g¯), and Gδ = gˆ, and ϕδ = ϕ outside of the collar Uδ(M, g¯). By construction
Gδ −→ gˆ, and
r2
2
ϕδ(x, r) −→
r2
2
ϕ(x)
in the C0-topology on W as δ −→ 0. Thus the assertion (i) holds. Finally, the scalar
curvature Rg˜δ is given by
Rg˜δ = (1 +
r2
2
ϕδ(x, r))
−n+2
n−2
[
−4(n−2)
n−1
∆Gδ(1 +
r2
2
ϕδ(x, r)) +RGδ(1 +
r2
2
ϕδ(x, r))
]
= (1 +O(δ2))
[
−4(n−2)
n−1
ϕ+ 3(2− wδ(r)) · wδ(r) · |Ag¯|
2
g +RGδ +O(δ)
]
= RGδ + (Rg¯ −Rg − 3|Ag¯|
2
g) + 3(2− wδ(r)) · wδ(r) · |Ag¯|
2
g +O(δ)
= Rg + 3(1− wδ(r))
2|Ag¯|
2
g + (Rg¯ − Rg − 3|Ag¯|
2
g) + 3(2− wδ(r))wδ(r)|Ag¯|
2
g +O(δ)
= Rg¯ +O(δ) on W as δ −→ 0.
This implies the assertion (ii) and completes the proof of Theorem 4.6.
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5 Gluing Theorems
5.1. Setting. Here we would like to analyze the gluing procedure for manifolds equipped
with conformal structures. Let W1, W2 be two compact manifolds, dimW1 = dimW2 ≥
3, with boundaries
∂W1 = M1 = M0 ⊔M, and ∂W2 =M2 =M0 ⊔M
′
endowed with conformal classes C1 = C0 ⊔ C ∈ C(M1), C2 = C0 ⊔ C
′ ∈ C(M2), where
C0 ∈ C(M0), C ∈ C(M), C
′ ∈ C(M ′). Let W = W1 ∪M0 (−W2) be the boundary
connected sum of W1 and W2 along M0 (see Fig. 5.1).
Remark. The boundary of the manifold W is ∂W = M ⊔M ′ with appropriate orienta-
tion. We consider both cases when ∂W = ∅ and ∂W 6= ∅.
Recall that a conformal class C ∈ C(M) is positive if YC(M) > 0.
M0M0W1 W2
M M ′
M M ′
W1 W2
M0
Fig. 5.1. Manifold W =W1 ∪M0 (−W2).
Theorem 5.1. Let C0 ∈ C(M0) be a positive conformal class, and Y (Wj,Mj ;Cj) > 0
for j = 1, 2. Then Y (W, ∂W ;C ⊔ C ′) > 0.
Remark. We do not assume that the conformal classes C ∈ C(M), C ′ ∈ C(M ′) are
positive.
5.2. Proof of Theorem 5.1. There are four steps in the proof.
Step 1. First we notice that since C0 ∈ C(M0) is a positive conformal class, there exists
a metric h ∈ C0 on M0 with Rh > 0. The metric h do not have to be a Yamabe metric.
We fix the metric h. The condition Y (Wj ,Mj;Cj) > 0 (for j = 1, 2) implies that there
exist conformal classes C¯j onWj so that ∂C¯j = Cj, i.e. (C¯j, Cj) ∈ C(Wj,Mj). We denote
YC¯j = YC¯j(Wj ,Mj;Cj) > 0, j = 1, 2.
Let g¯j ∈ C¯j be such that g¯j |M0 = h. Moreover, we may assume that g¯j ∈ C¯
0
j (i.e. that
Hg¯j ≡ 0 on Mj).
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Remarks. (1) The metrics g¯j ∈ C¯
0
j do not have to be relative Yamabe metrics, more-
over, their scalar curvature Rg¯j is not positvive, in general.
(2) The union C¯01 ∪C C¯
0
2 does not make sense as a conformal class onW since this union,
in general, fails to be smooth along M0.
Step 2. Theorem 4.6 and (11), (12) imply that for any ε > 0 there exist conformal
classes Cˆj on Wj and metrics gˆj ∈ Cˆj (j = 1, 2) such that

∂Cˆj = Cj ,
gˆj ∼ g¯j,
Rgˆj ∼ Rg¯j ,
}
C0-close on Wj, which implies |YCˆj − YC¯j | < ε.
gˆj =
(
1 + r
2
2
fj
) 4
n−2
· (h+ dr2) near Mj in Wj.
Here the function fj is defined by
fj = −
n− 2
4(n− 1)
(
Rg¯j |M0 − Rh + 3|Ag¯j |
2
h
)
on M0 in each Wj.
From now on we only need the conditions YCˆj > 0 (j = 1, 2). Therefore we may assume
that fj < 0 on M0 since the relative Yamabe constant YCˆj is invariant under pointwise
conformal change.
M M ′
W1 W2
M0 × [0, ℓ]
Fig. 5.2. Manifold X =W1 ∪M0 (M0 × [0, ℓ]) ∪M0 (−W2).
Let ℓ be a positive constant. We define the manifold X which is diffeomorphic to W as
follows (see Fig. 5.2):
X =W1 ∪M0 (M0 × [0, ℓ]) ∪M0 (−W2)
Now we need the cut-off function wδ defined in Lemma 4.2. Then for each δ, 0 < δ < ℓ,
we define a metric g˜ on X as follows.
g˜ =


gˆ1 on W1,
gˆ2 on W2,
(1 + r
2
2
wδ(r)f1)
4
n−2 (h+ dr2) on M0 × [0, δ],
h + dr2 on M0 × [δ, ℓ− δ],
(1 + (ℓ−r)
2
2
wδ(ℓ− r)f2)
4
n−2 (h + dr2) on M0 × [ℓ− δ, ℓ].
Clearly g˜ is a C∞-metric on X ∼= W . Let C˜ = [g˜] ∈ C(W ).
Remark. The metric g˜ does not have, in general, positive scalar curvature.
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Step 3. Let j = 1, 2. Denote νj the first eigenvalue of the Yamabe operator on Wj for
the Neumann boundary condition. Then
νj = inf
u∈C∞(Wj)
u 6≡0
∫
Wj
(
4(n−1)
n−2
|du|2gˆj +Rgˆju
2
)
dσgˆj∫
Wj
u2dσgˆj
.
The relative Yamabe constants YCˆj > 0 since YCˆj > YC¯j − ε, j = 1, 2. Thus it follows
that νj > 0. Notice that the conditions Rh > 0 on M and fj < 0 (j = 1, 2) imply that
Rg˜ > 0 on the cylinder M0 × [0, ℓ] for small δ > 0.
Let νcyl be the first eigenvalue of the Yamabe operator on M0 × [0, ℓ] for the Neumann
boundary condition. We have
νcyl = inf
u∈C∞(M0×[0,ℓ])
u 6≡0
∫
M0×[0,ℓ]
(
4(n−1)
n−2
|du|2g˜ +Rg˜u
2
)
dσg˜∫
M0×[0,ℓ]
u2dσg˜
.
It follows that νcyl > 0 since Rg˜ > 0.
Step 4. Let ν be the first eigenvalue of the Yamabe operator on X ∼= W for the
Neumann boundary condition, which is equal to
ν = inf
u∈C∞(X)
u 6≡0
∫
X
(
4(n−1)
n−2
|du|2g˜ +Rg˜u
2
)
dσg˜∫
X
u2dσg˜
.
We conclude that ν ≥ min {ν1, ν2, νcyl} > 0 by [3, pp. 18-19]. The condition ν > 0 is
equivalent that there exists a metric ˜˜g ∈ [g˜] such that R˜˜g > 0 on X
∼= W and H˜˜g = 0 on
∂X = ∂W . Thus Y[˜˜g](X, ∂X ;C ⊔C
′) > 0, and this implies Y (W,M ⊔M ′;C ⊔C ′) > 0.
Remark. We emphasize that we can choose ℓ > 0 to be small by choosing small δ > 0.
5.3. Manifolds with positive Yamabe invariant. Here we would like to show that
there are many examples of manifolds with positive relative Yamabe invariant.
We start with a closed compact manifold N , dimN ≥ 3 with Y (N) > 0. We choose a
small disk Dn ⊂ N centered at x0 ∈ N , then ∂(N \ int(D
n)) = Sn−1. Let C0 ∈ C(S
n−1)
be the standard conformal class. (In particular, C0 is a positive class.)
Theorem 5.2. Let N be a closed compact manifold, dimN ≥ 3 with Y (N) > 0. Then
Y (N \ int(Dn), Sn−1;C0) > 0.
Proof. We use [10, Corollary 3.5.] to choose a conformal class C¯ ∈ C(N) with the
Yamabe constant YC¯(N) > 0, and a metric g¯ ∈ C¯, such that
• g¯ is conformally flat near x0 ∈ N ,
• Rg¯ > 0 on N .
Thus (as it was observed, say, by Gromov-Lawson [7]), there exists a metric gˆ on the
manifold N \ int(Dn) such that
17
• ∂[gˆ] = C0 ∈ C(S
n−1),
• Rgˆ > 0 on N \ int(D
n),
• gˆ = gSn−1 + dr
2 near Sn−1 = ∂(N \ int(Dn)), [gSn−1 ] = C0.
Thus Y[gˆ](N \ int(D
n), Sn−1;C0) > 0 and Y (N \ int(D
n), Sn−1;C0) > 0.
5.4. The double. Let W be a compact manifold with ∂W = M = M0⊔M1. We define
the manifold X = W ∪M0 (−W ), the double of W along M0 (see Fig. 5.3).
Remark. Here the other boundary component M1 of ∂W may be empty or not.
M1
M0
W W −W
M0
Fig. 5.3.
Theorem 5.1 immediately implies the following.
Corollary 5.3. Let C = C0 ⊔ C1 ∈ C(∂W ) (C0 ∈ C(M0)) and C1 ∈ C(M1). Let
Y (W, ∂W ;C) > 0. Then Y (X,M1 ⊔ (−M1);C1 ⊔ C1) > 0.
6 Non-positive Yamabe invariant
6.1. Setting. Let W be a compact smooth n-manifold with boundary ∂W = M 6= ∅,
and M = M0 ⊔ M1. (Here M1 may be empty.) Let (C¯, C = C0 ⊔ C1) be a pair of
conformal classes on (W,M), where C0 ∈ C(M0), C1 ∈ C(M1). Similar to the case of
closed manifolds, we first notice the following.
Proposition 6.1. (cf. [10, Lemma 1.6]) Suppose YC¯(W,M ;C) ≤ 0. Then, for any
g¯ ∈ C¯0,
(minRg¯)Volg¯(W )
2/n ≤ YC¯(W,M ;C) ≤ (maxRg¯)Volg¯(W )
2/n.
Let X = W ∪M0 (−W ) be the double of W along M0. Then, the boundary of X is
∂X = M1 ⊔ (−M1). We use Proposition 6.1 and Theorem 4.6 to prove the following
result.
Theorem 6.2.
(1) If YC¯(W,M ;C) ≤ 0, then
2
2
nYC¯(W,M ;C) ≤ Y (X,M1 ⊔ (−M1);C1 ⊔ C1).
(2) If YC¯(W,M ;C) ≤ 0, then
2
2
nY (W,M ;C) ≤ Y (X,M1 ⊔ (−M1);C1 ⊔ C1).
(3) If Y (W,M) ≤ 0, then
2
2
nY (W,M) ≤ Y (X,M1 ⊔ (−M1)).
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Proof. Clearly (1) =⇒ (2) =⇒ (3). Thus it is enough to prove (1). Notice that if
Y (X,M1 ⊔ (−M1);C1 ⊔ C1) > 0 then (1) holds trivially.
Let Y (X,M1 ⊔ (−M1);C1 ⊔ C1) ≤ 0. We choose a conformal class C¯ ∈ C(W ). Then for
a generic class C¯ there is a relative Yamabe metric g¯ ∈ C¯0. Theorem 4.6 implies that,
for any ε > 0, there exists a metric gˆ ∈ Cˆ such that g := g¯|M = gˆ|M , and

g¯ ∼ gˆ C0-close on W , which implies |Volgˆ(W )
2
n −Volg¯(W )
2
n | < ε,
|Rg¯ − Rgˆ| < ε on W ,
gˆ = (1 + r
2
2
f(x))
4
n−2 (g + dr2) near M ⊂W.
We define g˜ := gˆ ∪ gˆ on X = W ∪M0 (−W ). The metric g˜ is smooth by construction.
Let C˜ := Cˆ ∪ Cˆ ∈ C(X). By Proposition 6.1 we have
YC˜(X,M1 ⊔ (−M1);C1 ⊔ C1) ≥
(
min
X
Rg˜
)
Volg˜(X)
2
n ≥ 2
2
n
(
min
W
Rgˆ
)
Volgˆ(W )
2
n
≥ 2
2
n (Rg¯ − ε)(Volg¯(W )
2
n − ε) ≥ 2
2
nRg¯Volg¯(W )
2
n −Kε
= 2
2
nYC¯(W,M, ;C)−Kε.
Here the constant K > 0 is independent of ε. Thus
Y (X,M1 ⊔ (−M1);C1 ⊔ C1) ≥ 2
2
nYC¯(W,M, ;C).
When the manifolds ∂W = M = M0, and M1 is empty, (in this case, the boundary of
X = W ∪M (−W ) is empty) the following holds.
Corollary 6.3.
(1) If YC¯(W,M ;C) ≤ 0, then 2
2
nYC¯(W,M ;C) ≤ Y (X).
(2) If Y (W,M ;C) ≤ 0, then 2
2
nY (W,M ;C) ≤ Y (X).
(3) If Y (W,M) ≤ 0, then 2
2
nY (W,M) ≤ Y (X).
Now let N be a smooth compact closed manifold, dimN = n, and Dn ⊂ N be an
embedded disk. Let W = N \ int(Dn), with ∂W = Sn−1.
Remark. Let N be an enlargeable manifold (see [8]). Then the manifold N#(−N) =
W ∪Sn−1 (−W ) is also enlargeable. Thus Y (N#(−N)) ≤ 0.
Corollary 6.4. Let N be an enlargeable compact closed manifold. Then
2
2
nY (N \ int(Dn), Sn−1) ≤ Y (N#(−N)).
In particular, Y (N \ int(Dn), Sn−1) ≤ 0.
Examples. Let T n be a torus, Hn be a hyperbolic space, and Γ be a discrete group
acting freely on Hn, so that Hn/Γ is a compact manifold. Then we have
Y (T n \ int(Dn), Sn−1) ≤ 0, Y ((Hn/Γ) \ int(Dn), Sn−1) ≤ 0.
Remark. Let Wj be a compact smooth n-manifold with boundary ∂Wj = Mj , for
j = 1, 2. Let (W,M) = (W1,M1) ⊔ (W2,M2) be the disjoint union of W1 and W2. Let
C = C1⊔C2 be a conformal class onM1⊔M2. Similar to the case of closed manifolds, we
can show that the same inequalities as those of [10, Corollary 1.11] hold for the relative
Yamabe invariants Y (W,M ;C) and Y (Wj ,Mj ;Cj) (j = 1, 2).
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7 Notes on moduli spaces
7.1. Moduli space of positive scalar curvature metrics. Let M be a closed
manifold admitting a positive scalar curvature metric. Then one has the space of psc-
metrics
Riem+(M) = {g ∈ Riem(M) | Rg > 0} .
It is known that this space has, in general, many connective components, and that
its homotopy groups are nontrivial. For simplicity we assume that M is an oriented
manifold. We denote Diff+(M) the group of diffeomorphisms preserving the orientation.
Then the group Diff+(M) naturally acts on the space of metrics by pulling back a metric
via a diffeomorphism. Clearly this action preserves the space Riem+(M). Then the
moduli space of psc-metrics is defined as M+(M) = Riem+(M)/Diff+(M). It is very
challenging problem to describe (in some reasonable terms) the topology of the moduli
spaceM+(M). We suggest here to give an alternative model of the moduli space of psc-
metrics. First, we suggest to start with the space C+(M) of positive conformal classes.
Clearly there is a canonical projection map p : Riem+(M) −→ C+(M), which sends a
metric g to its conformal class [g]. We prove the following fact.
Theorem 7.1. LetM be a closed compact manifold with dimM ≥ 3. Then the natural
projection map p : Riem+(M) −→ C+(M) is weak homotopy equivalence.
Proof. We start with the following easy observation.
Lemma 7.2. Let C ∈ C+(M), and g0, g1 ∈ C be psc-metrics. Then g0 and g1 are
psc-homotopic, i.e. there exists a smooth family {g(t)}t∈[0,1] ∈ C of psc-metrics with
g(0) = g0, g(1) = g1.
Proof. Indeed, we have that Rg0 > 0, and g1 = u
4
n−2g0 for u ∈ C
∞
+ (M) with the scalar
curvature
Rg1 = u
−n+2
n−2
(
−
4(n− 1)
(n− 2)
∆u+Rg0u
)
> 0.
Then the curve of metrics g(t) = u(t)
4
n−2 g0 ∈ C with u(t) = ut+ (1− t) > 0 is such that
Rg(t) = u(t)
−n+2
n−2
(
−
4(n− 1)
n− 2
∆u(t) +Rg0u(t)
)
= u(t)−
n+2
n−2
(
t
[
−
4(n− 1)
n− 2
∆u+Rg0u
]
+ (1− t)Rg0
)
= u(t)−
n+2
n−2
(
tRg1u
n+2
n−2 + (1− t)Rg0
)
> 0
since the functions Rg1u
n+2
n−2 and Rg0 are both positive.
Now let P (C) = {g ∈ C | Rg > 0 }. Clearly C ∼= C
∞
+ (M) is a convex set.
Lemma 7.3. The subset P (C) ⊂ C is a convex and contractible set.
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Proof. First we check that P (C) is convex. Indeed, let gˇ ∈ C be a Yamabe metric, with
Rgˇ = const. > 0. Then for any g ∈ P (C) there exists a unique function u ∈ C
∞
+ (M) so
that g = u
4
n−2 gˇ. Thus we identify P (C) with the following subspace of positive smooth
functions
P (C) ∼=
{
u ∈ C∞+ (M) | −∆u+
(n− 2)
4(n− 1)
Rgˇu > 0
}
.
A homotopy Ft : P (C) −→ P (C) given by
Ft(g) = u
4
n−2 (t)gˇ with u(t) = ut+ (1− t)
is well defined by Lemma 7.2. Futhermore, F1 = Id, and F0 sends the set P (C) to a
single point gˇ ∈ P (C). Therefore P (C) is convex, and since P (C) is a subspace of the
convex space C∞+ (M), it is and contractible.
We notice that both spacesRiem+(M) and C+(M) have homotopy types of CW -complexes.
Thus we can assume (up to homotopy equivalence) that p : Riem+(M) −→ C+(M) is
a fibration. Since p−1(C) is contractible for any conformal class C, we obtain that p
induces isomorphism in homotopy groups p∗ : πk(Riem
+(M)) ∼= πk(C
+(M)).
Thus in the homotopy category one does not loose any information by replacing the
space Riem+(M) by the space of positive conformal classes C+(M).
The space C(M) is the orbit space of the action (left multiplication) of the group C∞+ (M)
on the space of metrics Riem(M). It is convenient to refine this construction (as it is
done in [11]) for manifolds with a base point.
Let x0 ∈M be a base point. We consider the following subspace of C
∞
+ (M):
C∞+,x0(M) =
{
u ∈ C∞+ (M) | u(x0) = 1
}
.
Then let Cx0(M) be the orbit space of the induced action of C
∞
+,x0
(M) on Riem(M).
Clearly there is a canonical map p1 : Cx0(M) −→ C(M) which is a homotopy equivalence
since p−11 (C)
∼= R. Let
C+x0(M) = p
−1
1
(
C+(M)
)
.
To construct an appropriate moduli space we assume that M is a connected manifold,
and consider the following subgroup of the diffeomorphism group Diff+(M):
Diffx0,+(M) = {ϕ ∈ Diff+(M) | ϕ(x0) = x0, dϕ = Id : TMx0 → TMx0}
The group Diffx0,+(M) inherits the action on the spaces C(M) and Cx0(M). It is easy to
prove the group Diffx0,+(M) acts freely on the space Cx0(M) (perhaps, it is important
that M is connected).
Clearly the space C+x0(M) of positive conformal classes is invariant under this action. We
define the moduli space M+x0,conf(M) of positive conformal structures as the orbit space
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of the action of Diffx0,+(M) on C
+
x0
(M). One obtains the diagram of Serre fiber bundles
C+x0(M) Cx0(M)
M+x0,conf(M) BDiffx0,+(M)
❄
π+
✲
i
❄
π
✲
i+
Here BDiffx0,+(M) is the classifying space of the group Diffx0,+(M) which we identify
with the orbit space Cx0(M)/Diffx0,+(M) (since the action is free, and the space Cx0(M)
is contractible). We address the following problem.
Problem 7.4. What is the rational homotopy type of the space M+x0,conf(M)?
7.2. Conformal isotopy and concordance. It is well-known that isotopic psc-metrics
are concordant, see [7] and [6]. It is still not known if the converse is true; (we quote
[12]) “indeed, there is no known method to distinguish between isotopy classes of positive
scalar curvature which is not based on distinguishing concordance classes.” We would
like to address the “conformal analogue” of this problem.
Let C0, C1 ∈ C
+(M) be two positive conformal classes. One defines an isotopy of positive
conformal classes in the obvios way. We say that the conformal classes C0 and C1 are
conformally concordant if
Y (M × [0, 1],M × {0, 1} ;C0 ⊔ C1) > 0.
Theorem 5.1 implies the following result:
Corollary 7.5. Conformal concordance is an equivalence relation on C+(M).
We would like to spell out the following conjecture:
Conjecture 7.6. Let M be a closed compact manifold admitting a psc-metric, n ≥ 5.
If C0, C1 ∈ C
+(M) are conformally concordant, the the classes C0, C1 are isotopic in
C+(M).
7.3. Conformal cobordism. Once we would like to describe the whole world of man-
ifolds equipped with psc-metrics, we are led to a concept of cobordism. Two manifolds
(M0, g0), (M1, g1) with psc-metrics g0, g1, are said to be psc-cobordant if there exists a
manifold (W, g¯) with ∂W =M0 ⊔ (−M1), and a psc-metric g¯, so that:
(1) g¯|Mj = gj, j = 1, 2,
(2) g¯ = gj + dr
2 near Mj .
We emphasize that the metric g¯ must be a product metric near the boundary. The psc-
cobordims was used in several papers [2], [6], [9], [13]. For instance, S. Stolz described an
adequate psc-cobordism category where given manifoldM fits in (see [13]). This category
is determined by the fundametal group π1(M) and the first two Stiefel-Whitney classes
of M .
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We define the conformal analogue of the psc-cobordism relation by means of the relative
Yamabe invariant. Let (M0, C0), (M1, C1) be two manifolds equipped with positive
conformal classes. We call such manifolds positive conformal manifolds. Then (M0, C0),
(M1, C1) are conformally cobordant if there is a manifold W , with ∂W = M0 ⊔ (−M1),
and such that the relative Yamabe invariant
Y (W,M0 ⊔ (−M1);C0 ⊔ C1) > 0.
Again, Theorem 5.1 implies the following result:
Corollary 7.7. Conformal cobordism is an equivalence relation on the category of pos-
itive conformal manifolds.
Remark. The definition of the conformal cobordism may be essentially refined in the
way suggested by S. Stolz [13]. This leads to the corresponding conformal cobordism
groups. We are studying these cobordism groups in another paper.
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